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ABSTRACT
A relation between automorphic L-functions for U(n,n + 1) x GL(n) and
those for U(n,n) x GL(n) in a theta series lifting is studied by using the
Rankin-Selberg method.

Introduction

Let E be a quadratic extension of an algebraic number field F and let G = U(n,n)
(resp. G* = U(n,n + 1)) be a quasi-split unitary group with respect to a skew
Hermitian form on E?" (resp. a Hermitian form on E?"*!) with Witt index n.
We denote by Rg,r(GL(n)) the scalar restriction of GL(n) defined over E. For
irreducible cuspidal automorphic representations o, ¢* and n of G(A), G*(A)
and Rg/p(GL(n))(A), respectively, one can define the (partial) automorphic L-
functions Lg(s,o x 7) and Lg(s,0* x m) by Euler products on some right half
plane Re(s) >> 0. If o and o* are generic, it is known by Shahidi [Sh] that these
L-functions are analytically continued to meromorphic functions on the whole
s-plane. On the other hand, there is a class of automorphic representations of
G*(A) lifted from the cuspidal automorphic representations of G(A). This lifting
depends on the choice of a nontrivial character p of F\A and a certain Hecke
character v of EX\Ag. We denote by O}, (o) a lifting of ¢. It is known by
[Wal] that if o is generic, then ©7; (o) is nonzero and generic for some choice of
p- The cuspidality condition of ©}, (o) was also given in [Wal]. Then a natural
question is: How does Lg(s,0}, (o) x ) relate with Ls(s,0 x m)? Our main
theorem answers this question.
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94 T. WATANABE Isr. J. Math.

THEOREM: Assume that ©}, (o) is cuspidal and irreducible. Then one has
Ls(s,0 ,(0) x w) = Ls(s,T)Ls(s,0 X (FQV)),

where T is the twist of m by the Galois involution of E/F, ie. T(g) = n(g),
and Lg(s,T) is the standard L-function of T regarded as a cuspidal automorphic
representation of GL,(Ag).

We expect that such a relation between L-functions has an application to the
characterization of the lifting image. (cf. [G-P2])

To prove this theorem, we need integral representations of L-functions. The
Rankin-Selberg method for the group of type G x GL(n) was established by
Gelbart and Piatetski-Shapiro [G-P] when G is a classical split group of rank n.
Their method can also be applied to the cases G = U(n,n) and G = U{n,n+1).
The case G = U(n,n + 1) essentially treated by Tamir ([Ta]) and the case G =
U(n,n) is similarly investigated as the case of G = Sp(n). However, since we
could not find adequate references for calculations of ramified primes of local
integrals, we included necessary calculations of archimedean and finite ramified
local integrals in this paper.

We organize this paper as follows. In Sections 1 and 2, we prepare some
notations and define the L-functions Lg(s,o X ) and Lg(s,0* x 7). In Section
3, we recall Eisenstein series, Theta series and basic identities deduced from
Theorems A and C in [G-P]. In Section 4, the related local integrals are calculated
and integral representations of L-functions completed. The main theorem is
proved in Section 5.

1. Notations

For an associative ring R with identity element, we denote by R* the group of all
invertible elements of R and by M, ,,(R) the set of all n xm matrices with entries
in R. If n = m, we write M,,(R) for M, ,(R). For A € M, »(R), *A stands
for its transpose. For A € M, (R), det A and Tr A stand for its determinant and
trace, respectively. The identity matrix in M, (R) is denoted by 1,,.

Let F be an algebraic number fleld and Vg the set of all places of F. For
v € Vg, F, stands for the completion of F at v. If v is a finite place, O, denotes
the ring of integers in F,, P, the maximal ideal of O, and ¢, the order of the
residual field O, /P,. The ring of adeles of F is denoted by A. Let E be a
quadratic extenstion of F. The Galois involution of E over F' is denoted by a
bar or e. We write Ag for the ring of adeles of E. The norm and the trace of £
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over F are denoted by Ng,r and Trg, r, respectively. Throughout this paper, we
fix a nontrivial additive character 1 of F\A and a character v of EX\A} whose
restriction to A* equals the quadratic character associated to E/F by class field
theory.

If H is an F-algebraic group and R an F-aigebra, H(R) denotes the gronp of
R-rational points of H. We often consider H as an algebraic group defined over E
and denote by Rg/p(H) the scalar restriction of H, hence one has Rg/r(H)(R) =
H(R® E). The Galois group of E over F naturally acts on Rg/p(H).

We will use the following notations for F-subgroups of GL,,.

By the Borel subgroup of GL,, consisting of upper triangular matrices,
T the maximal torus consisting of diagonal matrices in GL,,,

Ay the unipotent radical of By,

Qo the stabilizer in GL,, of the vector (0,...,0,1) € M; ,(F),

Zp the center of GL,,.

We define F-algebraic groups G and G* by
t 7 = 0 1,
G= {gERE/F(GLgn)I ang=Jn}, Jn = <_1 0 ),

G* = {9 € Re/r(GLany1): 'glig =T}, T = 1
1, 0

In this paper, we fix an element i € EX with i+ 1 = 0, and an embedding

A 0 iB
t: G—= G*: (é, g)r—> 0 1 0 ].
i'C 0 D

We will consider the following F-subgroups of G*:

a

M* = { m*(a,e) = € , @€ Rp/p(GLn)

tg—1 €€ RE/F(GLl), ee=1["
T* = {m*(t,e): t € Rg/r(To), € € Rg/r(GLy), =1},
A* = {m*(d, 1)2 de RE/F(AO)}a
1, ¢ b-c'c/2
N* = v*(b,c) = 1 -tz
1,

. beRgr(My), 'b=—b
" c€Rg/r(Mn,)
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Then P* = M* x N* is the standard maximal parabolic subgroup of G* which
preserves a maximal isotropic subspace, U* = A* x N* is a maximal unipotent
subgroup of G* and B* = T™ x U* is a Borel subgroup of G*. If H* is one of
the groups defined above, its inverse image + "!(H*) is denoted by H, so that
P = M x N is a Siegel type parabolic subgroup and B = T'x U a Borel subgroup
of G. The Levi subgroup M is identified with Rg/r(GL,). We will use the
following notations for elements of M(A) and N(A):

m@ = (* 1) @€ Ra/p(GLA)(A) = GLo(Ae)),
o) = (" L) e Rep) M) = Ma(hp), 50,

The standard maximal compact subgroups of GL,(A), Rg/r(GLy)(A), G(A)
and G*(A) will be denoted by K¢ = [], Ko,v, K1 =[], K1,4, K =[], K, and
K* =]], K}, respectively. We define nondegenerate characters 1, ¥ and ¢* of
Ao(A), U(A) and U*(A), respectively, as follows:

Po(8) = p(d12 + 823+ + dn_1n), (8 = (8:5) € Ag(A)),
PY(u) = p(Tre/p(uaz +uzz + -+ Un_1n) = Un2n), (4= (ui;) € U(A)),
P (u") = p(Trg/r(uig +uzs + - +upnp)), (u* = (u;) € U*(A)).

The restriction of ¥ to A(A) is denoted by ¥a.

Throughout this paper, we fix irreducible cuspidal automorphic representations
(0,Vs), (6, Voe) and (m, Vy) of G(A), G*(A) and M (A) = GL,(Ag), respectively.
For cusp forms ¢ € V,, ¢* € V,» and ® € V,, we define

Woo)= [ () plughd,
U(FN\U(4)
Weels") = [ P () (')
U(F)\U*(4)
Waim)= [ pa(®)0(Em)as
A(F)\A(K)
Then Whittaker models of o, ¢* and = are given by

W(U, 1/)) = {W<P: "2 € VO’}) W(O'*,'([)*) = {th‘ . ‘P* € Vo"}s
W(m,93') = {(Wa: @ € Va}.



Vol. 116, 2000 A COMPARISON OF AUTOMORPHIC L-FUNCTIONS 97

We assume that both ¢ and o* are generic, i.e. W(o,) # 0 and W(o*,9*) # 0.
Let w,,wy+ and w, be central characters of ,0* and =, respectively. There is a
unique real number 7, such that |w.(m(al,))| = |a|;;"/ " for any a € A. Then
T ® | det(-)|y;, becomes a unitary cuspidal automorphic representation.

For each v € Vp, we denote the corresponding local Whittaker models by
W(oy, ), W(os,9}) and W(wv,wg}v). If v is archimedean, we will often use
the conventions of [J-S3]. Let g, be the Lie algebra of G(F,). By a theorem of
Casselman and Wallach [C], the irreducible (g,, K,)-module V,, can be realized
as the (gy, K, )-module coming from a continuous representation of G(F,) on a
Frechet space V°, which is smooth and with moderate growth. This continuous
representation will be also denoted by o,. There is a unique (up to constant)
continuous Whittaker functional A, on V,2°. We denote by W (o, 1,) the space
of all functions on G(F,) of the form g — A,(0,(9)z), z € V2. Then W(ay,4y)
is a subspace consisting of all K,-finite vectors in W (o,,%,). To unify the
notations, for a finite v € Vg, we sometime write V,>° and W (0, %,) for V5,
and W(oy,v,), respectively. In a similar fashion, we define W (o}, %) and
Wm(wv,wz,lv) for each v € Vp.

We will denote by Vg (o,0*, 7, u, V) the set of finite places v € Vg such that all
data g, o, 7y, p, and v, are unramified. The complement of Vg (o,0*, 7, u,v)
in Vg will be denoted by S.

2. Definition of L-functions

We recall a definition of partial automorphic L-functions Lg(s,¢ X ) and
Ls(s,0* x 7). Let T'g/r = {e,€} be the Galois group of E over F. L-groups of
G x M and G* x M are

L(G x M) = (GL24(C) x GL,(C) X GLA(C)) % g/ p,
L(G* x M) = (GL2n4+1(C) x GL(C) x GL,(C)) x 'g/F,

respectively. Let p,, (resp. p2,) be the standard (resp. trivial) representation of
GL,,(C). Then pa,, ® pr, ® p2 (resp. pan+1 ® pn ® p2) is a representation of the
group (G x M)? (resp. L(G* x M)?) of the identity component of X(G x M)
(resp. L(G* x M)). We denote by r (resp. r*) the representation of (G x M)
(resp. L(G* x M)) induced from pg, ® pp, ® p° (resp. pont1 ® pr ® 20).

If v € Vp\S remains prime in E and Satake parameters of o, o}, and =, are
given by (0w,1,... ,0,n), (0} 1,... ,05 ) and (By,1,... , Bu,n), Tespectively, then
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we put

Qy,1

2

v ﬁmn
1n+1

If v € Vp\S splits in E and Satake parameters of o, o, and 7, are given

by (av,lr e ’aUﬂn)a (a:,lv T ’a:,2n+1) and ((ﬂv,la e ,,Bv,n), ( 1,1,1’ e ,,3:,7,1)),
respectively, then we put

y
Uy,1 ,B'v,l v,1

Yo s , xe,

i

!
Qy,2n ﬂmn v,n
!
avJ ﬂml v,1
* . . .
Yo = - , .. s .. X e.

* ’
av,2n+1 IH'U," v,n

The Euler factors Ly(s, o, X m,) and L,(s, 0}, x m,) are defined to be

Ly(8,0y x my) = det(lynz — 7(7)g; ") 7,

Ly(s,05 X my) = det(lan(ant1) — (e *) "

It is known that both Euler products

Ls(s,0 x7) = H Ly(s,04, X my), Ls(s,0" x ) = H Ly(s,0, x )
vgS vgS

are absolutely convergent in Re(s) >> 0. In the following sections, we will prove
that both L-functions Lg(s,o x 7) and Lg(s,0* x m) have analytic continuations
to meromorphic functions on the whole s-plane.

3. Basic identities

In this section, we define Eisenstein series and theta series on G(A), and recall the
basic identities. Let a: M(A) — CX be the quasicharacter defined as a(m(a)) =
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| det a|a, .- By using the Iwasawa decomposition, the quasicharacter o is extended
to a function on G(A), i.e. a(umk) = a(m) foru € N(A), m € M(A) and k € K.
For each s € C, we denote by Indggﬁg T ® o’ the representation space of G(A)

induced from the cuspidal representation 7 ® o®. Namely, Indgg‘:g T ® o is the
space of all functions o G(A) - V, satisfying
fa(umg) = afm)**"/*n(m)(f(9))

for any v € N(A), m € M(A) and g € G(A). By evaluating cusp form fs(g) €V
at identity 1g,, we obtain a complex-valued function f,(¢) = fs(g)(l2n) ing €
G(A). We denote by I(r®a*+"/2) the space consisting of those functions f, which
are smooth and K-finite. Furthermore, we denote by W (I(m ® a**™/2),43") the
space spanned by all functions of the form

W@ = [ 6a@L0ds (€ Ireat)
A(F)\A(4)
For each f € I(w), we define
EGs,fe)= Y, aly9)’™*f(19).
YEP(FN\G(F)

The series of the right-hand side is absolutely convergent for Re(s) >> 0 and
extends to a meromorphic function on the whole s-plane. The normalizing factor
of E(s, f,g) is given as follows. Let LM = (GL.(C) x GLn(C)) % T'g,r be the
L-group of M. We define the representation 1: “M — Aut(M,(C)) by

r1((g1,92) X )X = g1'X'gs (X € My(C)).

For v € V£\S, the semisimple element 7/, € “M corresponding to the unramified
representdtion m, is given by

( ((ﬁv,l

,1, | @ e if v remains prime in F,

o)

ﬂvl,l ’:J,l
, x e if vsplitsin E.
A B ) -

Then we put

Lv(ss"rv,rl) = det(1n2 - rl('ﬂ))qgs)_l'
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The Euler product
Lg(s,m,m) = H L,(s,my,71)
vgS
converges absolutely for Re(s) >> 0. It is known by {F}] and [F-Z] or [Sh] that
Ls(s,n,71) has an analytic continuation to a meromorphic function on C.

Next, we define theta series on G(A). Let Sp,, be the symplectic group of
size 4n defined over F. Then G(A) is naturally embedded in Sp,,(A). Let
Mpy,,(A) = Spy,(A) be the metaplectic covering and (w,,S(Re/r(Mn,1)(A)))
the Weil representation of Mp,,, (A) associated with x. By [G-R], a fixed pair
(1, v) determines a compatible splitting s, ., : G(A) — Mp,,,(A) of the metaplec-
tic covering. We denote by w}, ,,, or simply w, the representation g — w(5u,0(9))
of G(A). We have precisely

w(m(a)v(b))n(z) = v(det a)a(m(a))/?u(*Tab'az)n(‘az),
w(Jn)n(z) = / w(Trgyr(*gz))n(y)dy.
M, 1 (AR)

Let So(Rg/r(Mn,1)(A)) be the set of K-finite functions in S(Rg/r(Ma,1)(A)).
For each 7 € So(Rg/r(Mn,1)(A)), the theta series 87 is defined to be

=Y,  wign)

z€RE,p(Mn 1)(F)

If we put
0

Rn(g) = w(g)n(sn), En = 0 € Mn,l(F)7
1.
then we have

02(9) =w(g)f(O)+ > Ry(19),
Q(FI\M(F)

where Q = {m(a) € M: 'e, =¢,} is a subgroup of M.
We fix ¢ € V,, ¢* € Voo, f € I(w) and 1 € So(Rg/r(Mn,1)(A)). Then we
define global zeta integrals as

J(s,0,f,m) = / o(9)E(s, £,9)62(9)ds,
G{F)\G(4)

T (s,0%0 ) = / o" (10) E(5, £, 9)dg.
G(F)\G(A)

The following theorem is due to Gelbart and Piatetski-Shapiro.
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THEOREM ([G-P, Theorems A and C}): For Re(s) >> 0, one has
oo b= [ WolWila)Rag)ale)* " dg
U(A\G(A)
Fee = [ W la)Wilg)ale) g
U(A\G(A)
We assume that all ¢, ¢*, f and n are decomposable, so that we have

W<P(g): H Wv(gv)7 Ww*(h): H W:(hv)y
vEVE vEVFE

We(g) = [I Welgo), BRolg) = [[ Bn(90) (By(90) = wi(gu)m(En))-
vEV R vEVF

Then the corresponding local integrals are given by

Jo(s, Wy, W,,Ry,) = / W, (9)W,(9) Ry, (9) v (9)* ™ *dg,
U(F.)\G(F)

Ty (s, Wy, W) = Ws (Ug) W, (g)au(g)* ™/ 2dg.

/U(Fu)\G(Fu)

In the rest of this section, we assume that v splits in £. Then EQF, &2 F,® F,
and a projection onto the first factor induces isomorphisms G(F,) & GLg,(F,)
and G*(F,) 2 GLg,41(Fy), so that we identify these groups. We rewrite the
integrands of the local zeta integrals according to these identifications. We mainly
consider the function

Wo(m)W, (m) Ry, (m)ay (m)* ™2 (m € M(F,))

for W, € W (0, %), W, € We(I(m,),¥,) and 0, € S(Rg/r(Mn,1)(F,)).
The groups M(F,) and N(F,) are written as

M(E) = {maa) = (10 ) s o € GLa(R)],
vy = fo = () ) be M, (R}

The homomorphism (a1, az2) - m{a1,az) maps Ag(F,) X Ag(Fy) to A(F,). No-
tice that the maximal unipotent subgroup U(F,) = A(F,) x N(F,) of GLa,(F,)
is not the group of upper triangular unipotent matrices. Every W, € W>(a,,, 1)
satisfies

W, (m((sl ’ 52)U(b)g) = "/)O,U (61 62)“0 (“bnn)Wv (g)
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for any 8,8y € Ag(Fy), b = (bij) € My (F,) and g € GLpn(F,). If we take

0 1
Wy = . S GLn(Fv)v
1 0

then m(1,, wn)U(F,)m(1n, w,) ! is the upper triangular unipotent subgroup of
GL2,(F,), and hence the function (W,)*~(g) = W,(m(1,,w,)g) becomes an
ordinary Whittaker function of GLo,(F,), i.e. (W, )* satisfies

1 uze wugs -+ Uio2a
0 1 ‘ux -+ ugon
W)y (| _ |9
0 1
= lllv(ul2 + ot Upin — Unntl — Ungint2 — T u2n—12n)(Wv)w" (g)

The representation 7, o m of GL, (Fy) X GL,(F,) is written as m, 1 ® Ty 2, Where
both 7,1 and 7,2 are irreducible admissible representations of GL,(F,). We
denote by W°°(7rv‘i,1p0_’ ,1,) the Whittaker model of m,; with respect to i, ll, for
i = 1,2. Since W (m,, 95 ,) is identified with W (my 1, %5 3) ® W (1 2,95,
we may assume W is of the form

W, (m(a1,a2)) = Wy 1(a1)W, 5(a2),

where W, ; € W (mu,1,%5.) and W, 5 € W(my2,95,)). The character v, of
(E ® F,)* is written as v,,1 ® 14,2, where both v, ; and v, > are characters of
F}. By the assumption on v, we have v,,1 = v, 3. Let ag,, be the quasicharacter
of GL,(F,) defined as aqg,(g) = |det g|F,. If we take 7, of the form n, 2 ® 1,1
(M1, M2 € S(M,1(F)), then

wy (m(a1, a2))ny (21, T2)

= vy {det ay v, o{det az)ao,v(alaz)lﬂmyl(talx, Yo,2(tazz2).

Therefore,

R")v (m(al» 02)) =Vy,1 {det Cll)Vv,z(de’L a2)ao,v(ala2)l/2nv,l(talgn)nvﬂ(taﬂsn)-
Summing up, we have

W, (m{a1,a2)YW,(m{a1, a2)) Ry, (m(a1, a2))an(m(ay, a2))* /2
(3.1) = Wy(m(a1,a2))W, ;(a1)Wy 2(az)

X vy 1 (det @y )vy 2(det a2)my 1 (ta16) 0,2 (Fa2€n) 00 o (@1a9) T/ 2H1/2,
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In a similar fashion, we obtain for m*(ay, a2) = ¢(m(a1,az))
Wy (m* (a1, a2)) Wy (m* (a1, a2)) oo (m* (a1, 02))

3.2
(3:2) = W2(m* (a1, a2))W), 1 (a1) W, 5 (az) o (arag) *+™/2+1/2,

We give some formula of W, (m(a1, az)) (resp. W, (m*(a1,az2))) when o, (resp.
o7) is realized as a quotient of a representation induced from a representation of
M(F,) (resp. M*(F)). Let 7,1,7,2,7,; and 7, ; be admissible representations
of GL,(F,) and x} be a quasicharacter of GL;(F,). Then 7, = 7,1 ® 7,2 and
Ty = Tg1 ® X3 ® T, are regarded as representations of M(F,) and M*(F,),
respectively, by

To(mlar, a2)) = Ty,1(a1) ® Ty 2(a2),

ax
7y ( € ) = 75,1(01) ® x;,(€) ® 75 5(a2)
Let P (resp. 'P*) be the parabolic subgroup opposite to P (resp. P*). We

denote by Ind%{;z) To (resp. Ind?};,(fl';z) T4 the representation induced from 7,

(resp. 7). Namely, Ind?}.{}u)) T, consists of all smooth functions f: G(F,) —
Viy, @V, satisfying

£ (“l 2 ) 6) = 000 (@12) 27, 1(a1) ® Toa(a2) (9)

u  ‘a,

for all aj,as € GL,(F,), u € M,(F,) and g € G(F,). Similarly, Indf;;.({;.z) T

comnsists of all smooth functions f*: G*(F,) — Ve evEy satisfying

a) 0 0
Ptz e 0|9 = aou(aas) "X (e)r) 1 (a1) © 75 5(a2) f* (9)

u y ‘tay!

for all aj,a2 € GLn(Fy), € € GL1(F,), v € My(F,), z,y € M,(F,) and
g € G*(F,). In the rest of this section, we assume that o, (resp. o}) is an
irreducible quotient of Ind%{}z) Ty (resp. Ind?Pfﬁ‘;z) 7x). This is always true if
v is archimedean. Then 7, (resp. 7;) is generic and the Whittaker model of o,
(resp. o) is equal to the Whittaker model of Ind?lgfgz) 7, (resp. Ind,GP.(f;,l)’) ).
For i = 1,2, denote by W (7, ;,%0,) (resp. W(7;,,%0,)) the Whittaker
model of 7, ; (resp. T:,i) with respect to g ,. The next Lemma follows from the

same method as that of the proof of [J-S3, Lemma 10.1] and [J-P-S, Proposition
O,1}
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LEMMA 1: The notation being as above:

(1) For given W,, 1 € W®(T, 1,%0), Wy 2 € W (7, 2,%0) and ¢, € S(M,(F)),
there is an element W, o € W™ (0,, ) such that

Wy o(m{a1,a2)) = Wy,1(a1)Wo 2(a2)do (Pa2wneinar)ao, (a1a2)™?,

where €1, € M,(F,) is the matrix whose (1,n) component is 1 and other
components are 0.

(2) For given Wy, € W°°(T:’1,1/10),WJ,2 € W°°(T;‘,2,1/10) and ¢3,,¢5, €
S(M,,1(F,)), there is an element W, € W™ (0o}, ) such that

Wy o(m* (a1, a2)) = Wiy (a1) Wy 5(a2)} 1 (Fa160) 8} 5 (\azen) e v (a1a2) " H/2.

4. Integral representations of L-functions

Explicit computations of J} (s, W, W) for unramified data were accomplished
by Tamir.

LEMMA 2 ([Ta]): Let Wy, and W, , be the class 1 Whittaker functions in
W(ok,¢%) and W{I(m,), Z,lv)’ respectively, normalized so that W ;(12,41) =
W, 0(12n) = 1. Then one has

L,(s+1/2,0} x m,)
L,(2s+1,my,m1)

J:(Sv WJ,O’ 12,0) =

By a slight modification of Tamir’s method, we can compute J, (s, W, W}, R,),
i.e. we obtain

LeMMA 3: Let W, o € W(oy,%,) and W, € W(I(m,),93",) be the class 1
Whittaker functions, and let 1,0 be the characteristic function of My 1(Og,).
Then one has

Ly(s+1/2,04 x (my @ 1))
Jv(S,Wv,O’ é,O’an,o) = L,(25+1,m,,71) .
v ) v

Next, we calculate the local integrals for ramified primes. We assume that
v is an archimedean place. Let So(Rg/r(Mpn,1)(Fy)) be the space of K,-finite
functions in S(Rg,r(Mn,1)(Fy)).

LemMa 4: For W, € W(oy,%,), Wy € W=(a3,9;), W' € W(I(m),¥5",)
and 1, € So(Rg;r(Mn,1)(Fy)), both J,(s,W,,W,,R,,) and J}(s,W;,W,) are
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absolutely convergent for Re(s) >> 0 and extend to meromorphic functions on
the whole s-plane.

Proof: We consider the integral J,(s, W, W,, R, ). Since 7, is K,-finite, it is
enough to determine the absolute convergence and the analytic continuation of

(4.1) ”~ WL ()W, () Ry, (V) (8)T™ 255, (8) 7 dt,

where dp(r,) denotes the modular character of B(F,).
First we assume that v remains prime in E. We denote by w,  the central
character of m,. We put

a= diag(t;tg ST A0y 7R SN ,tn) S RE/F(T{))(Fv)

and t = m(a) € T(F,). By a similar argument to [So, Proposition (3.3)] and
[J-S2, Proposition 1 or 2], we know that W, and W, are of the forms

3" dalts,..sta)alty,. . ta),
aéxau

W, (t) = wr,( Z ¢p(t1,. - s tn-1)B(t1, .- s tn-1),

ﬂGXn,,

(4.2)

where X, (resp. X,,) is a finite set of finite functions & on (E))" (resp. 8
on (EX)"! ) and ¢, (resp. ¢a) are Schwartz-Bruhat functions on (E,)" (resp.
(E,)""1). Furthermore, R, (t) is of the form

- 1
Mo (Enen) Vo (trtd - -t [trt3 - £2] 102

Thus (4.1) is a linear combination of integrals of the form
/(‘ ) ¢a(t11"' 7tn)a(t1"" )tn)¢ﬁ(t17"' )B(tl’ tn— 1)77v(tn5n)
EX)n

wn, ( ﬁ lt |J(s+n/2)+J ~2nj+i/2 x4 ty---d*t,.
It is well known that this integral converges absolutely for Re(s) >> 0 and

extends to a meromorphic function.
Next we assume that v splits in E. By (3.1), the integral (4.1) is equal to

/ Wa(m(ar, 02)) W 1 (a1)Wi g(a2)v,s (det an oo,z (det ao)
(4.3) JTo(Fo)xTo(F,)

X To,1(*a160 )00 2(*a26n) 00,0 (a102) 2126 5 (1, (a102) ™' daydas,
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where dp,(r,) denotes the modular character of By(F,). We put
a; = diag(tatiz - tinytio -~ - bin, ... ,tin) € To(F,) (i =1,2).

Let wy, , be the central character of m,; for i = 1,2. By [J-S, Proposition 1],
W, ;(a;) is of the form

W, (@) = wn, (En) Y Sporltits. - tin-1)BI(tir, - s tino1)
BHEXy, ,

for i = 1,2. Here Xy, , is a finite set of finite functions 8} on (F;)"~! and
$p are Schwartz-Bruhat functions on (F,)" 1. We evaluate W, (m(ay,as)) by
applying [J-S, Proposition 1] to (W,)*r(m(a1,az)). Then Wy(m(ay,az)) is of
the form

W, (ta1 -+ tan) ™" Z daltit, ... stin—1:tinton,t2n-1,... ,t21)
aEde

X atit, .-« ytin—1,tintan,tan-1,... ,t21).

Here w,, denotes the central character of o, X,, is a finite set of finite functions
a on (FX)?*1 and ¢, are Schwartz-Bruhat functions on (F,)?""!. Therefore,
(4.3) is a finite linear combination of integrals of the form

/ Pal(t11s- -+ stin-1stintan,t2n-1s--- st21)
(FJ )2
-1
X a(tit, .- ytin—1,t1nt2n, t2n—1,. - »t21)Wa, (t21 - -  t2n)

2
(4.4) X {war,,,,' (tin)bge (tir, - - - ,tin—l)ﬁ(i)(tﬂ,--- ,tin—1)77u,i(tin€n)}

=1

2 n

x d TLTT v s S22 0903 8 gy @ty
i=1j=1

We change the variable t;, to tlntz“nl. Then the integral in the variable ty, is
equal to

/ Yoy (t2")~1wﬂ'u,1 (t2n)_1w7ru,z (t2n)77v,1 (tlﬂt2_nlen)77v,2 (t2n5n)dx t2n-
FX
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If we denote this by ¢(t1,), then ¢ is regarded as a Schwartz—Bruhat function on
F,. Thus (4.4) is equal to

baltit, - s tin-1,t1n,t2n—1,... ,t21)
(FvX)Z'n—l

X aftit, . s tin1stinstanc1,-. - »t21)@(tin)wo, (b21 - t2n_1) 71
2
" {wavﬂ (tin)¢ﬁ(i) (tih s 7tin—1)ﬂ(i)(til, e ,tin—l)}
i=1
2 n-1
j 2 e
x HHUU,i(tij)Jltijlggu_Fn/ +1/2)j—(n—j3)J
i=1j=1

2+1/2
X vy 1(t1n)" t1n gjn/ DRy - d by et

This integral converges absolutely for Re(s) >> 0 and extends to a meromorphic
function on C.

In a similar fashion, we can prove the absolute convergence and the analytic
continuation of the integral J; (s, Wr, W) (cf. [So, Section 5]). |

LEMMA 5: There exist Wy 0 € W{(ay,¥,), W,y € W(I(Wu),iﬂg,lv) and 1,0 €
So(Rg/p(Myn1)(F,)) such that J,(s,Wy,0, W, g,M,0) # 0 for a given s € C with
Re(s) >> 0.

Proof: First, we assume that v remains prime in E. Let K7, be the standard
maximal-compact subgroup of GL,,(E,). We put
KM,v = M(Fv) M KU = {m(kl) kl S Kl,'u}a
Zt ={m(r1,): r > 0}.

Since M(F,) = Q(Fu) 2} Kum,o, Ju(s, Wy, W), Ry, ) equals
/ W, (mk)W!.(mk) Ry, (mk)a (mk)* " dmdk
A(Fy)\M(Fy)K,

= / / Ry, (2kk')au (2)* /2
KM,v\Ku Z:TX(Q(Fu)ﬂKM,v\KM.v)

x { / W, (pzkk')W! (p2kk')a, (p)* ™/ 2dp} dzdkdk’.
A(F)\Q(FY)

We take a W, g € W(0y,%,) such that W, o(12,) # 0. It follows from (4.2) that
for Re(s) >> 0, aiW, is square integrable on A(F,)\Q(F,). In other words,
aiW, ¢ is contained in the L2-induction space L2-Ind§§§:)) ¥YA,0- On the other
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hand, by [J-S1, Proposition 3.8], the space {a}" W, |o(s,): W, € W(I(7,), 1/;3%)}

is dense in L2-Ind§E§:; 1/)3’11}. Thus there exists W, o € W(I(m,), 1/1&11)) such that

/ Wo0(P)W, o(p)ory (p)* ™/ 2dp # 0
AF\Q(F,)

for a given s with Re(s) >> 0. We put
V(W 0, W, 05 2k) = / Wo,0(p2k)W, o (pzk)ay (p2)* " *dp.
A(F)\Q(Fy)

For 3 € C°(RY) and £ € C®(Qo(E,) N K1,,\K1 ), define the function ngge €
S(M,1(E,)) by

ﬂ(?)g(kl) ifx= tElran € Kl,vR:Em
Neee(T) = .
0 otherwise.
Then,
/ U (W0, W,ﬁ’o; zlc)R,,B@s (zk)dzdk
ZJ'X(Q(F.,)QKM,.,\KM,,,)

/ W (W0, W g5 m(rLa)m(ks))B(r)€ k) rdky.
Ri x(Qo(E,)NK1 v\K) 5)

Since W, (W0, W) o; 120) # 0, we can take 3 and £ such that the last integral is
nonzero. Therefore, there exists 7, 0 € So(Mn,1(Ey)) such that

/ W (Wo, W,32K) By o (2h)dzdh 0.
ZF x(Q(F)NK M \Kn,v)

We put

‘Ils (Wv,Os ;,07 R”lu,o; k')

/ U, (W0, W, o; 2kk') Ry, , (2kK')d2dk.
Z:T X (Q(Fv)nKM,u\KM,U)

Let C% (Kum»\Ky) be the space consisting of smooth, right K,-finite and left
K o-invariant functions on K,. For & € C¥ (Kumo\K,), define the function
Wio®€ on G(F;) by

W, o ® &' (umk’) = W, o(umk)¢'(K') (v € N(F,), m € M(F,), K € K,).
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Then W, ®¢&' € W(I(Wv),¢£,lv) and

/ Uy (Wa0, Wio ® €, Ry, o; K')dK
KM, \Ky

- / Uy (Wa0, W0, Ry, o3 K)E (K ).
KMU \Kv

If ¢ is taken so that the last integral is nonzero, then we have
Jv(san,O’ L,O ®§,’R'nv,0) # 0.

Next, we assume that v splits in E. If we can prove that there exist W, o €
W(oy,%,) and W) , € W(I(wv),wgfv) such that

(4.5) Wo0(0)W, o(p)ary (p)* ™/ ?dp # 0,

/A(Fu)\Q(Fv)
then we can use the same argument as that of the previous paragraph to prove
the assertion. Following the convention of Section 3, we identify G(F,) with
GLy,(F,) and m, with 7, ® m,2. Since o, is irreducibe and generic, it is
realized as an irreducible quotient representation of an induced representation
Ind%{}v)) Ty,1 @ Ty 2, where 7,1 and 7, o are generic representations of GL, (F,).
By Lemma 1 (1), for given W, ; € W(7y,1,%0,0), Wy,2 € W(7y2,%0,,) and ¢, €
S(My(Fy)), there is an element W, g € W*(ay,,) such that

Wu,O(m(ala az)) = Wv,l(al)Wv,Z(a2)¢(ta2wn51 nal)aﬂ,v(ala2)n/2-

If W, 1, W, 2 and ¢, are taken as W, 1 (1) # 0, Wy, 2(1,) # 0 and ¢y (wne1,) =1,
then we have

W,.0(m(a,a2)) = We1(a1) Wy 2(a2) 0,0 (a1a2)™?  (a1,a2 € Qo(Fy)).

For i = 1,2 and Re(s) >> 0, of ,W,ilq.(r,) is contained in the space L2-
Indgzg;:; Yo,0- Since the space {ag7, W, :|qo(r,): W, ; € W(?Tv,i,’(/J(—):}))} is dense
in L2-Ind52 (7 952, there is a W ; € W (my,s, ¥ 5) such that

/ W (0 W4 0 o=l 0

Bo(Fo\Qo(Fy)

for a given s € C with Re(s) >>0and i =1,2. f weset W, o =W, , @ W, ,,
then we have (4.5). Since W, , is taken as K,-finite, W, o can be also taken in
W oy, ¥o)- 1



110 T. WATANABE Isr. J. Math.

In the case of G*, we can use an argument of [So, Proposition (7.2)]. Since v
is archimedean and =, is generic, there is a generic admissible representation 7.}
of M*(F,) such that o} is realized as a quotient representation of Indgffr}z) T,
Let W (72,1%) be the Whittaker model of 7 with respect to ¥*. For W7 ¢

We(rs,43), W, € W(my, 93 ,) and ¢} € S(Rg/p(Mn,1)(F,)), we put
A* (s, WI W)
- / W (m(a)) W, (m(a))}(“aen)aw(m(a))* T ™1/ 2dq,
Rg/r(80)(Fu)\Rg,r(GLn)(Fy)

In the same way as [So, Proposition (7.2)], we obtain the following:

LEMMA 6: For given W' € W=(r},%;), W, € W=(n,93),), and ¢, €
SR r(Mn1)(F,)), there are Wi¥ € W(ol,42) and Wi €
W°°(I(7fv),¢z\,lv), 1 <j < ¢, such that

¢
ST Wi, W) = A (s, W W),
i=1
In particular, for a given s € C, there are Wy, € W>(o;,v;) and W, €
WOO(I(TFU),Q/)Z’IU) such that J; (s, Wy, W, o) # 0. If Re(s) >> 0, we can take
W, o and W, , as elements in W (o}, ;) and W (I(m,), ’»bl,lv); respectively.

When n = 1, Koseki and Oda have explicitly computed J; (s, W, W) provided
that o} belongs to the large discrete series. Their result states that the “g.c.d.” of
the integrals J;} (s, W, W!) turns out to be a product of three gamma functions
([K-O, Theorem (6.8)]).

Finally we calculate finite ramified local integrals. Let v be a finite prime.
The following Lemma is obtained by an analogous calculation as in the proof of
Lemma 4.

LEMMA T7: Both integrals J,(s, W,,W,, R, ) and J; (s, W;,W)) are absolutely
convergent for Re(s) >> 0 and become rational functions of ¢,°.

We prove that both J,(s, W,, W}, R, ) and J;(s, W, W) can be made con-
stant for some W,, W*, W’ and n,. We need some Lemma when v splits in E. In
this case, let £ =2n or 2n + 1. For 0 < j < n, P; stands for the standard upper
triangular parabolic subgroup of GL, with Levi factor GL; x (GL1)¢"% x GL;.
Let N; be the unipotent radical of P;, which is written as

1, =z =2
Ni=quij(dz,y,2)=| 0 & 'y | :8€Upsj, 2,y€ Mjej, z€M,
0 0 1,
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Here Uy,; denotes the maximal upper triangular unipotent subgroup of GL,—o;.
Let )¢ be the character of Ny(F,) = Uy(F,) defined by

.U'v(u12+"'+un—1n—‘unn+1_"‘—U2n_12n) if€=2n,
Po(Ui2 +  + Unnil — Unting2 — " — U2n2nt1) HL€=2n+1.

W((Wj)):{

Since P; contains Uy, we can consider the representation of P;(F,) induced from

1p. Thus we denote by Indgi g:; ¥y (resp. c-Ind ’E F"; 1) the space of all lo-

cally constant functions (resp. locally constant and compactly supported mod-

ulo U,(F,) functions) ¢: P;(F,) — C which satisfies ¢(up) = 1¢(u)d(p) for any

u € Up(F,) and p € P;(F,). The following Lemma is proved by the same method
as [G-K, Proposition 2].

LEMMA 8: Let 1 < j < n. IfV is a nonzero P;(F,)-invariant subspace of

Indg} () #s, then V' contains the space cIndg?() .

By using this Lemma when v splits in E and the standard argument (cf. [G-P,
Proposition (12.4)]), we obtain the following:

LEMMA 9: Let v be any finite place.
(1) There are W, o, W, o and 1, ¢ such that J,(s, W, 0, W, o, Ry, ,) = 1.
(2) There are W, and W, , such that J3 (s, W, W, o) = 1.

Summing up Lemmas 2-9, we obtain the following:

PROPOSITION: For an appropriate choice of o € V,, fo € I(r) and no €
S(Rg/r(Mn,1)(A)), one has

J(S,WO,fO,"IO (H J 3 Wva ’UO’RTIu.D)

) Ls(s+1/2,0 x (1 @ v))
VESao

LS(2S +1,m, Tl)

where S, Is the subset consisting of infinite places in S. Similarly, for an
appropriate choice of ¢} € V,-, and fy € I(w), one has

. . Ls(s+1/2,0 x )
J* (S <Po,f0 (vg J 5 W uo)) LS(25+1,1r,'r1) ’

5. A comparison of L-functions in a theta series lifting

Define the unitary group H = U(n(2n + 1),n(2n + 1)) by the group consisting
of elements h € Rg;r(GLan(2n+1)) satisfying

th, ( 0 La@2n+1) ) = < 0 la@nd1) ) .
_ln(2n+1) 0 _']-n.(2n+1) 0
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We define the Weil representation o’ = wZ"*!) of H(A) acting on the space
S(Rg/r(Mpu(2n+1))(A)) the same way as in Section 3. Since G*(A)x G(A) modulo
{(t12nt1,8125): t € Af, tt = 1} is embedded in H(A), the representation w’
can be restricted to G*(A) x G(A). We identify S(Rg;r(Mp(2n+1))(A)) with
S(Rp/r(Manr)(A) ® R p(Mn1)(A)). If n is of the form n = n @mp, m €
S(Re/r(Mznn)(A)),m2 € S(RE/F( .1)(A)), then the action of M*(A) x G(A)
to 7 is described as follows (cf. [Wal}).

w'(m*(a,€), g)n(z,y)

= v(e)"v(det a)*"v(det g)"| det al3 m (9~ 2@}, , (9)12 (EY)-

For ¢ € V, and 17 € S(Rg/r(Mann)(A) ® Rg/p(Mn,1)(A)), the theta series lift
¢y, is defined to be

ot (h) = / vdetgh)"olg) Y o/(h,g)n(z.v)dg.
G(F)\G(A)
zERE/F (M2n,n)(F)
YERE/ F(Mn,1)(F)

(5.1)

We put

O (0) ={on: v € Vo, n€SRp/r(Monn)(A) ® Rp/p(Mn,1)(A)}.

By assumption W(o,%) # 0 and [Wal, Theorem 5.6] it is known that ©7 , (o)
is a nonzero automorphic representation of G*(A) and its *-Whittaker model
is nonzero. The cuspidality criterion of ©}, (o) was given in [Wal, Theorem
5.3]. Notice that the definition of ©7, , is slightly different from the definition of
'@ in [Wal]. There is a relation O}, ,(0) = '0™(c ® v™") ® v~ . Therefore,
O}, ,(0) is cuspidal if and only if the analogous lifting @Z;l(a) of o to the space
of automorphic forms on the unitary group U(n — 1,n)(A) vanishes. Here we
correct some misprints in the statement of [Wal, Theorem 5.3 (ii)]. The correct
statement is the following: “Assume n = 1. Then !©'() is cuspidal if and only
if 7 ® v o det is orthogonal to ©™(u~1,v~1)”. Unfortunately, the irreducibility
of ©}, (o) is unknown in general.

In the following, we compute Lg(s, 8}, ,(¢) x m) provided that ©F (o) is cus-
pidal and irreducible. To mention a statement, let 7 be the cuspidal represen-
tation of M(A) given by 7(m) = 7r( ) for m € M(A). The Whittaker model
W (7, ¢x") is equal to the space {W : W' € W(r,x")}, where W' is defined to
be W’(m) = W'(m). Let L(s,7) =[], Lw(s,Ty) be the standard L-function of
T as a cupidal representation of GL,, (Ag), where w runs over all places of E. For
convenience, if v € V is a finite place such that 7, is unramified, then we put

Ly(s,7,) = { Lw(s,fi,,) B %f v=wonE,
Loy, (8, Moy, ) Lupy (8, Ty if v =ww, on E.
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THEOREM: Assume that o* = ©,,,(0) is cuspidal and irreducible. Then one has

Lg(s,0* x m) = Lg(s,T)Lg(s,0 X (F @ v)).

Proof: We recall a relation between the Whittaker functions W, and W, (cf.
[Wal]). Put

1,
¥(n)(9) = / ¥*(8) 71w (5, 9)n(z0, y0)ds, ( 0 ) € Mann(F),
A Yo = En € My (F).

Then we have
(52)  We(h) = / v(det gh) " W,p(g) ¥ (W' (I, 12n)7)(g)dg.
U(A\G(A)

Let 7 be an irreducible finite dimensional representation of the maximal compact
subgroup K and &, be the corresponding elementary idempotent. For ® € V,,
we define f7 € I(r) by

f7(umk) = / B(mk)e (k=" K)dk  (u € N(A),m ¢ M(A),k € K).
KNM(A)

If ® is nonzero, then fF is nonzero for an appropriate 7. By the basic identity
and (5.2}, we have for Re(s) >> 0

J* (5,00 f3) = / We(g)

U(ANG(A)
o Vet gm) T lm), 9z, 0) W ()2,
where we put
o (@) = [ o(detk) ™6 () (oK), Tann(zo, o)k
We assume that 17 is of the form 7™ = 1 ® 2. It follows from (5.1) that
v(det gm(a)) "' (s(m(a)), 9)1" (2o, yo) = | det al} M (9™ zo@)w(g)n2(y0)-

Here note that v(det m(a)) = v(det a)?. Define

s _ —s—n/f2 -1 k772 s+n/2
V(dem)(g) - a(g) / /(;Lﬂ(AE) T (g xoa)W¢(m(a))| det a’IAE da.
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It is known by [Wa2] that the integral on the right hand side converges absolutely
for Re(s) >> 0 and extends to an entire function on the whole s-plane, and

furthermore, V(qu,,m) is contained in I(7, 1/)51) for all s. Therefore, for Re(s) >>

0, J*(s, 5, f3) is written as

* * LTy s s+n/2
63 T [ W0, (o)) s

We further assume that all data are decomposable, i.e.

= [I wula), Walm@)= ] Wi(m(a.)

vEVE vEVE
nl(m) = H nl,v(mv)v 772(y) = H 772,v(yv)'
vEVE vEVE

Then W,,. and Wy; are also decompsable, so that they are of the form
h) = H W:(hv)v Wf” H W” gv
vEVFE vEVFE

If we define the local integral of VI by
(W @7 1)

av(g)_’_"ﬂ/ M,0(9~  20a)W,,(m(a))| N/ r(det a)l;tn/zda
Rg,r(GLn)(Fy

then (5.3) decomposes to Euler products

J S (P'rpfq) H J*(s W':’W‘llll) = H J S W’U"/(W M, v)’R"IZ.u)'
vEVE vEVR

By an analogous calculation as above, we have

J2 (s, Wy, W) = Ju(s, W,,,V(W . v)va.u)
for each v € Vp. We compute the unramified factors. For v € V(0o,0*, 1, V),
let W, and W) be class 1 Whittaker functions, 7, be the trivial representation
of K, and 7, (resp. 7y,2) be the characteristic function of the standard lattice
in Rg/p(Mann(Fy)) (resp. Re/p(Mn1)(Fy)). Then both W7 and W, are also
class 1 Whittaker functions. On the one hand, by Lemma 2, we have

Lv(s + 1/2’0': X ﬂ'v)
L,(2s +1,my,11)

Iy (s, Wy, W) =
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However, by [Wa2], it follows that

s I
V(va1 9 = L,(s+1/2,7,)W,

Thus, by Lemma 3, we have

Ly(s+1/2,Ty)Ly(s + 1/2,0, X (Ty @ 1))

W, Vi By, ) =
Jo(s, 2w ) Ly(s +1/2, %0, 71)

( vnl )’

Notice that L, (s,7y,71) = Ly(8, 7y, 71). Consequently, we obtain

(H 2, W*,W”)) Ls(s+1/2,06* x )

\ s Ls(2s+1,m,m)

HJ sWU,V“’ ,Ro, ) LS(3+1/2,7T)LS(3+1/2,0X(7r®1/)).
ves wifie) Ls(2s+1,m,71)

By analytic continuation, this equation holds for all s € C. For each v € S and
a given so € C, the space

{V%)’ V1,0 lM(Fu)i W:, € W(Wu,%l), M € S(RE/F(Mzn'")(FU))}

equals W (7,,v,!) (cf. [Wa2]). By Lemmas 5 and 9, we can choose W, V2_

(Wuv"ll v)
and 75, such that J, (s, W,, V(SW W Ry, ) = T3 (s, W3, W) is not identically
zero. This completes the proof. |
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